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1.
$u=(u_{1}, \cdots, u_{d})$ : $\mathbb{R}^{d}\mathrm{x}(0, T)arrow \mathbb{R}^{d},$ $p$ : $\mathbb{R}^{d}\rangle\langle$ $(0, T)arrow \mathbb{R}$ . Navier-
Stokes
$\partial_{t}u+(u, \nabla)u-\triangle u+\nabla p=0$ for $\mathbb{R}^{d}\cross(0, T)$ ,
















$u=(u_{1}, \cdots, u_{d})\in(C_{\mathrm{c}omp}^{\infty}’(\mathbb{R}^{d}))^{d}$ ,
$p=- \sum_{j,k}R_{j}R_{k}u_{j}u_{k}$
, $p\in C_{0}^{\infty}(\mathbb{R}^{d})$ (1.1) .
$C_{comp}^{\infty}(\mathbb{R}^{d})=$ { $f\in C^{\infty}(\mathbb{R}^{d})$ : $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}f$ is compact},





, $2<q<\infty$ , $C_{\mathrm{c}omp}^{\infty}(\mathbb{R}^{d})$ $L^{q}(\mathbb{R}^{d})$ , $R_{j}$
$L^{q/2}(\mathbb{R}^{d})$
$||p||_{L^{q/2}} \leq C\sum_{j,k}||u_{j}u_{k}||_{L^{q/2}}\leq C\sum_{j,k}(||u_{j}||_{L^{q}}||u_{k}||_{L^{q}})^{1/2}$
. $u\in(L^{q}(\backslash \mathbb{R}^{d}))^{d}$ $p\in L^{q/2}(\mathbb{R}^{d})$ , (1.1)
. ,
$\langle p, -\triangle\phi\rangle=\sum_{j,k}\langle u_{j}u_{k}, \partial_{j}\partial_{k}\phi\rangle$
for $\phi\in \mathrm{S}$ .
, $T$ , Banach $X\subset S’$
.
$C_{comp}^{\infty}(\mathbb{R}^{d})\subset X$ dense, $T$ : $Xarrow X$ $\mathrm{b}\mathrm{d}\mathrm{d}$ .
, . $X$
Morrey , amalgam .
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2.
$G$ $w$ : $\mathbb{R}^{d}\cross \mathbb{R}_{+}arrow \mathbb{R}_{+}=(0, \infty)$
:
$w(a, r)\leq cw(a, s)$ for $r\leq s$ ,
$c^{-1} \leq\frac{w(a,s)}{w(a,t)}\leq c$ for $\frac{1}{2}\leq\frac{s}{t}\leq 2$ .
$c^{-1} \leq\frac{w(a,r)}{w(b,r)}\leq c$ for $|a-b|\leq r$ ,
$\inf_{|a|\leq 1}w(a, 1)>0$ .
$B=B(a, r)=\{x\in \mathbb{R}^{d} : |a-x|<r\}$ $w(B)=w(a, r))r=r(B)$
. $1\leq p<\infty,$ $w\in G$ .
$L^{p,w}(\mathbb{R}^{d})=\{f\in L_{lo\mathrm{c}}^{p}(\mathbb{R}^{d})$ : $||f||_{L^{p,w}}= \sup_{B}(\frac{1}{w(B)}\oint_{B}|f(x)|^{p}dx)^{1/p}<\infty\}$ ,
$M^{p,w}(\mathbb{R}^{d})=\{f\in L_{lo\mathrm{c}}^{p}.(\mathbb{R}^{d})$ : $||f||_{M^{p,w}}= \sup_{Br()=1}(\frac{1}{w(B)}\oint_{B}|f(x)|^{p}dx)^{1/p}<\infty\}$ ,
$\overline{M}^{pw})(\mathbb{R}^{d})=\{f\in L_{loc}^{p}(\mathbb{R}^{d})$ : $||f||_{\overline{M}^{p,w}}= \sup_{r(B)\geq 1}(\frac{1}{w(B)}\oint_{B}|f(x)|^{p}dx)^{1/p}<\infty\})$
$\Lambda’I_{0}^{p,w}(\mathbb{R}^{d})=\{f\in M^{p_{:}w}(\mathbb{R}^{d})$ : $\frac{1}{w(a,1)}\int_{B(a,1)}|f(x)|^{p}dxarrow 0\mathrm{a}\mathrm{b}^{\urcorner}|a|arrow\infty\}$ ,
$\overline{M}_{0}^{p,w}(\mathbb{R}^{d})=\{f\in\overline{M}^{p,w}(\mathbb{R}^{d})$ :
$B \cap B(0,R)=\emptyset r(B)\geq 1\sup,\frac{1}{w(B)}f_{B}|f(x)|^{p}dxarrow 0$ as $Rarrow\infty\}$ .
$L^{p,w}(\mathbb{R}^{d})$ Morrey . $M^{p,w}(\mathbb{R}^{d}),\overline{M}^{p,w}(\mathbb{R}^{d})$ Banach
, $M_{0^{w}}^{p\}}(\mathbb{R}^{d}),\overline{M}_{0}^{p,w}(\mathbb{R}^{d})$ $C_{comp}^{\infty}(\mathbb{R}^{d})$ .
$a=\{a_{z}\}_{z\in \mathbb{Z}^{d}}$
$||a||_{l^{q}}=||\{a_{z}\}_{z\in \mathbb{Z}^{d}}||_{l^{q}}=\{$
$( \sum_{\sim},\in \mathbb{Z}^{d}|a_{z}|^{q})^{1/q}$ $0<q<\infty$ ,
$\sup_{z\in \mathbb{Z}^{d}}|a_{z}|$ $q=\mathrm{o}\mathrm{o}$
$\langle$ . $||a||_{\ell q}$ $<+\infty$ $a$ $\ell^{q}(\mathbb{Z}^{d})$ . $a=$
$\{a_{z}\}_{z\in \mathbb{Z}^{d}}\in\ell$“ $(\mathbb{Z}^{d})$ $|a_{z}|arrow 0(|z|arrow+\infty)$ $a$
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$c_{0}(\mathbb{Z}^{d})$ .
$Q_{0}=\{x=(x_{1}, \cdots)x_{d})\in \mathbb{R}^{d} : |x_{i}|\leq 1/2, \mathrm{i}=1, \cdots)d\}$ ,
$Q_{v}\sim=\{x\in \mathbb{R}^{d} : x-z\in Q_{0}\}$ for $z\in \mathbb{Z}^{d}$
, $1\leq p,$ $q\leq\infty$ amalgam
$(L^{p}, \ell^{q})(\mathbb{R}^{d})=\{f\in L_{\mathrm{J}oc}^{p}(\mathbb{R}^{d})$ : $\{||f||_{L^{\mathrm{p}}(Q_{P})},\}_{z\in \mathbb{Z}^{d}}\in\ell^{q}(\mathbb{Z}^{d})\})$
$(L^{p}, c_{0})(\mathbb{R}^{d})=\{f\in L_{loc}^{p}(\mathbb{R}^{d})$ : $\{||f||_{L^{p}(Q_{z})}\}_{z\in \mathbb{Z}^{d}}\in c_{0}(\mathbb{Z}^{d})\}$
. $1\leq p_{7}q\leq\infty$ ,
$||f||_{(L^{p},p_{q})}=||\{||f||_{L^{\mathrm{p}}(Q_{z})}\}_{z\in \mathbb{Z}^{d}}||_{\ell 9}$
$(L^{p}, \ell^{q})(\mathbb{R}^{d})$ Banach . $1\leq p,$ $q<\infty$ ,
$(L^{p}, \ell^{q})(\mathbb{R}^{d})$ $C_{comp}^{\infty}(\mathbb{R}^{d})$ . , $1\leq p<\infty$ , $(L^{p}, c_{0})(\mathbb{R}^{d})$
$(L^{\mathrm{p}}, \ell^{\infty})(\mathbb{R}^{d})$ , $C_{\mathrm{c}omp}^{\infty}(\mathbb{R}^{d})$ .
$w\equiv 1$ $M^{p,w}(\mathbb{R}^{d})=(L^{p}$ , \ell $(\mathbb{R}^{d}),$ $M_{0}^{\mathrm{p},w}(\mathbb{R}^{d})=(L^{p}, c_{0})(\mathbb{R}^{d})$ .
H\"older .
Proposition 2.1. $1\leq p_{i}<\infty,$ $w_{i}\in G(i=1,2,3)$ .
$1/p_{1}+1,/_{p_{2}=}1/p_{3)}$ $w_{1}(B)^{1/\mathrm{P}\mathrm{t}}w_{2}(B)^{1/p_{2}}\leq Cw_{3}(B)^{1/\mathrm{P}3}(r(B)=1)$
$||f\cdot g||_{\vee I^{p_{3},w_{3}}}\mathrm{J}\leq C_{/}||f||_{\Lambda/I^{p_{1},t\angle}’ 1}.||g||_{i\nu I^{\rho\eta,w\underline{\circ}}}.\cdot$
Proposition 22. $1\leq p_{i}<\infty_{\lambda}w_{i}\in G(\mathrm{i}=1,2,3)$ .
$1/p_{1}+1/p_{2}=1/p_{3}$ , $w_{1}(B)^{1/p_{1}}w_{2}(B)^{1/p_{2}}\leq Cw_{3}(B)^{1/p3}(r(B)\geq 1)$
$||f\cdot g||_{\overline{i\vee I}^{\mathrm{p}_{3},\mathrm{u}\mathrm{I}}3}\leq C||f||_{\overline{M}^{p_{1},w_{1}}}||g||_{\overline{M}^{\mathrm{p}_{2},?\mathrm{J}J}2}$ .
Proposition 23. $1\leq p_{i},$ $q_{i}\leq\infty(i=1_{1}2,3)$ .
$1/p_{1}+1/p_{2}=1/p_{3}$ , $1/q_{1}+1/q_{2}=1/q_{3}$
$||fg||_{(L^{\mathcal{P}3},\ell^{q}3)}\leq C||f||_{(L^{p_{1}},l^{91})}||g||_{(L^{\Gamma 2\ell 92)}},\cdot$
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3.
$T$ $K(x, y)$ .
$|K(x, y)| \leq C\frac{1}{|x-y|^{d}}$
$f\in \mathrm{Q}=_{2}(\mathbb{R}^{d})$
$Tf(x)= \oint K(x, y)f(y)dy$ , $x\not\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}f$
, $1<p$ $\infty$
$T$ : $L^{p}(\mathbb{R}^{d})arrow L^{p}(\mathbb{R}^{d})$ $\mathrm{b}\mathrm{d}\mathrm{d}$ ,
, $R_{j}R_{k}$ .
$R_{j}R_{k}f(x)= \lim_{\epsilonarrow 0}c_{d’}\oint_{|y|>\epsilon}\frac{y_{j}y_{k}}{|y|^{d+2}}f(x-y)dy\}$ $j\neq k$ ,
$R_{j}^{2}f(x)=- \frac{1}{d}f(x)+\lim_{\epsilonarrow 0}c_{d’}\oint_{1?/}|>\epsilon(\frac{y_{j}^{2}}{|y|^{d+2}}-\frac{1}{d|y|^{d}})f(x\cdot-y)dy$.
$c_{d’}= \frac{d(d-2)\Gamma((d-2)/2)}{4\pi^{d/2}}$ .
Remark 3.1. $w\equiv 1$ $f$. $\in M_{0}^{p,w}(\mathbb{R}^{d})=(L^{p}, c_{0})(\mathbb{R}^{d})$ $Tf$
$f$ .
$\Theta(x)=1/(1+|x|)^{d},$ $x\in \mathbb{R}^{d}$ , .
Theorem 3.1. $1<p<\infty_{J}w,$ $w^{*}\in G$ .
$(w(\cdot, 1)^{1/p}*\mathrm{O}-)(a)\leq Cw^{*}(a, 1)^{1/p}$ for $a\in \mathbb{R}^{d}$
,
$T$ : $l\mathrm{W}^{p,w}(\mathbb{R}^{d})arrow M^{p,w^{*}}(\mathbb{R}^{d})$ $bdd$.
Theorem 32. $1<p<\infty,$ $w\in G$ .




Remark 32. (3.1) $r\geq 1$ $r>0$
$T$ : $L^{p,w}(\mathbb{R}^{d})arrow L^{p,w}(\mathbb{R}^{d})$ $\mathrm{b}\mathrm{d}\mathrm{d}$ .
([6]).
Theorem 33. $1<p<\infty,$ $1\leq q<\infty$ , $\forall\epsilon>0$
$T$ : $(L_{7}^{p}l^{q})(\mathbb{R}^{d})arrow(L^{p}, \ell^{q+\epsilon})(\mathbb{R}^{d})$ $bdd$.
Remark 33, , $1<q<\infty$ , $\epsilon$
. $K(x, y)$ .
$|K(x, y)-K(x, z)|+|K(y, x)-K(z, x)| \leq C\frac{|y-z|}{|x-y_{\mathrm{I}}^{1n+1}}$
for $2|y-z|\leq|x-y|$ .
4.
Proof of Theorem 3.1. $f\in M^{p,w}(\mathbb{R}^{d})$ . 1 $d$ $B(a, 1)$
$f=f1+f_{2},$ $f1=f\chi B(a,3)$ ,
(4.1) $Tf(x)=Tf_{1}.(x)+ \oint_{\mathbb{R}^{d}}K(x_{7}y)f_{2}(y)dy$ for $x\in B(a, 1)$
. $T$ $L^{p}$
||T $||_{L^{p/}B\langle a,1))}\backslash \leq C||f_{1}||_{L^{p}(\mathbb{R}^{d})}\leq Cw(a, 1)^{1/p}||f||_{M^{p,w}}$ .
$\int_{\mathrm{J}\mathrm{R}^{d}\backslash B(a,3)}|K(x, y)||f(y)|dy\leq C(w(\cdot, 1)^{1/p}*\Theta)(a)||f||_{M^{p,\mathfrak{U}\prime}}$
$\leq Cw^{*}(a, 1)^{1/p}||f|f|_{l/I^{p,\omega}}$ for $x\in B(a, 1)$
. $x\in \mathbb{R}^{d}$ $Tf(x)$
.
$||Tf||_{M^{p,w^{*}}}\leq C||f||_{M^{p}},1b$
P70 $of^{\mathit{6}}$ Theorem 3.2.
$\mathit{1}_{r}^{\infty}.\frac{w(a,t)^{1/p}}{t^{d/p+1}}dt\leq C\frac{w(a,r)^{1/p}}{7^{\backslash }d/p}$ for $a\in \mathbb{R}^{d},$ $r\geq 1$
.
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$f\in M^{p,w}(\mathbb{R}^{d})$ . $d$ $B(a, r)(r\geq 1)$ $f=fi+f_{2}$ ,
$f_{1}=f\chi_{B(a,2r)}$ ,
$Tf(x)=Tf1(x)+ \int_{\mathbb{R}^{d}}K(x, y)f_{2}(y)dy$ for $x\in B(a, r)$
. $T$ $L^{p}$
$||Tf_{i}||_{L^{p}(B(a,r))}\leq C||f_{1}.||_{L^{p}(\mathbb{R}^{d})}\leq Cw(a, r)^{1/p}||f||_{\overline{M}^{\mathrm{p},uJ}}$ .
$\oint_{\mathbb{R}^{d}\backslash B(a,2r)}|K(x_{7}y)||f(y)|dy$




$\leq C\sum_{k=1}^{+\infty}(\backslash 2^{k+1}r)^{-d/p}w(a, 2^{k+1}r)^{1/p}||f||_{\overline{\mathrm{j}|\prime I}^{\mathrm{p},v\prime}}$
$\leq C\oint_{r}^{\infty}\frac{w(a,t)^{1/p}}{t^{d/p+1}}dt||f||_{\overline{M}^{\rho w}}\rangle$
$\leq C\frac{w(a,r)^{1/p}}{r^{d/p}}||f||_{\overline{M}^{p,w}}$ for $x\in B(a, r)$




Proof of Theooem 3.3. $z\in \mathbb{Z}^{d}$ 1 $d$ $Q_{z}$
, 3 $d$ Q- .
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$f\in(L^{p}, \ell^{q})(\mathbb{R}^{d})$ . $z_{0}\in \mathbb{Z}^{d}$ $f=f_{1}+f_{2},$ $f_{1}=f\chi_{\tilde{Q}_{z_{0}}}$ ,
$Tf(x)=Tf_{1}(x)+ \int_{\mathbb{R}^{d}}K(x, y)f_{2}(y)dy$ for $x\in Q_{z\mathrm{o}}$
. $T$ $L^{p}$
$||Tf_{1}$ I $L^{p}(Q_{z_{0}}) \leq C||f_{1}||_{L^{p}(\mathbb{R}^{d})}\leq C\sum_{z\in \mathbb{Z}^{d}\cap\overline{Q}_{\sim 0}},||f||_{L^{p}(Q_{z})}$ .
x\in Qz
$\int_{\mathbb{R}^{d}\backslash \overline{Q}_{z_{0}}}|K(x, y)||f(y)|dy=\sum_{0}\int_{Q_{\approx}}|K(x, y)||f(y)|dyz\in \mathbb{Z}^{d}\backslash \overline{Q}\underline,$
$\leq C\sum_{z\in \mathbb{Z}^{d}\backslash \overline{Q}_{z_{0}}}\int_{Q_{z}}\frac{|f(y)|}{(1+|z_{0}-z|)^{d}}dy$
$\leq C\sum_{z\in \mathbb{Z}^{d}\backslash \overline{Q}_{z_{0}}}\frac{1}{(1+|z_{0}-z|)^{d}}||f||_{L^{\mathrm{p}}(Q_{z})}$
$||Tf_{2}||_{L^{p}(Q_{z_{0}})} \leq C\sum_{z\in \mathbb{Z}^{d}\backslash \overline{Q}_{z_{0}}}\Theta(z_{()}-z)||f||_{L^{p}(Q_{z})}$
.
$\epsilon>0$ $\delta>0$ l/(l+\mbox{\boldmath $\delta$})+l/q $=1+1/(q\dotplus\epsilon)$ .
$\{\Theta(z)\}_{z\in \mathbb{Z}}\in\ell^{1+\delta}(\mathbb{Z}^{d})$ , $\{||f||_{L^{p}(Q_{z})}\}_{\gamma}\sim\in \mathbb{Z}\in\ell^{q}(\mathbb{Z}^{d})$
, Young
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